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I. INTR~DIJCTI~N 
In “Closed Operators which Commute with Convolution” [l], James A. 
Wood considers closed operators A defined on dense ideals of G(R) such 
that if f is in the domain of A, and g ELI(R), then A(f 3 g) = Af * g. This 
paper extends his results to an arbitrary locally compact abelian group G, 
and removes several unnecessary hypotheses, giving us broader and more 
general theorems. 
To do this we first make a few observations about dense ideals of Ll(G). 
Using these, we define the Fourier transform of an operator and extend the 
operator itself to a unique maximal domain by means of its transform. We 
show that the extended operators are automatically closed and form a com- 
mutative algebra with identity isomorphic to a multiplication algebra on 
%l(r), (the Fourier transforms of functions in U(G)). 
Throughout the paper G will be a locally compact abelian group with 
dual group lY The Haar measure on r will be normaliked so that the inversion 
formula holds. M(G) will denote the regular Bore1 measures of finite variation 
on G, and if p E M(G), I/ TV [I will denote its total variation. If ~EQ(G), 
j]fljl will denote its norm, f its Fourier transform, and \lf^llm the sup-norm 
of the transform. Finally its involution f” is defined by J(X) = f(- x). 
II. DENSE IDEALS OF G(G) 
DEFINITION. Let C = {REP I sup( 3) is compact}. 
LEMMA 2.1. For each f EL?(G) and E > 0, there is a function v E C such 
that Ilf-f*v II1 < E. 
Proof. See Rudin [2.6.6]. 
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COROLLARY. C is a dense ideal of Ll(G). 
LEMMA 2.2. C = n (I 1 I is a dense ideal of Ll(G)}. 
Proof. Let I be a dense ideal of Ll(G), and f 6 C. For each y E r, let 
n/l, = {g EWG) I 8~) = 01. My is a closed maximal ideal, so I$ MY for 
any y E I’. So for each y E I’, there is a function g, E I with the property 
g,(r) # 0. Let h, = g, *g,, . Then j!&(r) = ( &,(y)12 > 0, and since hY is 
continuous, there is a neighborhood V, of y such that /1, > 0 on V, . Let 
K = sup(f). Then K is compact, so there are yi ,..., yn E r such that 
K C UL, V,, . Let h = Cy=, h,, . Then h E I and h > 0 on K. By the Wiener- 
Levy theorem, there is a funct;on h, ELM such that fl, = l/b on K. Since 
K = suP(f)J(r) =I%) L(Y) 4(Y) f oreachyEr,orf=f*h,*h.SinceI 
is an ideal and h E I, f E I; so C C I and the lemma follows. 
An interesting consequence of this lemma is that each function in C is 
bounded and uniformly continuous (i.e., if f E C then there is an fi ELM 
such that fi is bounded, uniformly continuous, and 11 f - fi II1 = 0). To show 
thisprovethatI=(fECjf’ b is ounded and uniformly continuous} is a dense 
ideal of Ll(G). 
LEMMA 2.3. Let KC r be compact and E > 0. Then there is a function 
g E C such that j(r) C [0, 11, g = 1 on K, and 11 g /I1 < 1 + E. 
Proof. See Rudin [2.6.8]. 
III. OPERATORS WHICH COMMUTE WITH CONVOLUTION 
DEFINITION 3.1. Let X be the class of operators T with the properties: 
(1) The domain D(T) is a dense ideal of L’(G), the range R(T) is con- 
tained in L1( G). 
(2) IffED andgEL’( then T(f*g) = Tf+g. 
THEOREM 3.1. Let TAX. Then there is a unique continuous function A 
with domain I’ such that Tf = hffor each f E D(T). We call X the Fourier trans- 
form of T and denote it p. 
Proof. Let y E I’, and g,, E C such that &v(y) = 1. Since D(T) 1 C, we 
kve Tf **gY = f * TgY foAany f E D(T). Taking Fourier transforms, we get 
Tf (y) = Tf &y(y) ,f(y) Tg,(y), so we define X to be the function defined 
on r by h(y) = Tg,(y). Then h is well defined: if g E C and g’(r) = 1, then 
%) = %)&(r) = Gk(r) = ,aiYb) = GAY). 
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h is continuous: for each y E r there is a compact neighborhood V, of y. By 
Lemma 2.3 we can find g, with t$ property g,, = 1 on V, . Since h coincides 
%th the continuous function Tg, on V,, , h is continuous at y. Obviously 
Tf = X/’ for e%h f E D(T). Finally if h, is any function with this property, 
then h(y) = Tg,,(r) = h,(y) g,,(y) = h,(y) for any y E r. So /\ == h, and X is 
unique. 
COROLLARY 1. If T E X, then T is linear. 
COROLLARY 2. T maps C into C. 
COROLLARY 3. For each f E C, 
Tf (4 = j %43M (x, r> 4~. I- 
Proof. Use Corollary 2, and the inversion formula. 
So far it is possible that there are two operators T1 , T, E X such that 
T1 # T2 but pr = pa. A little reflection will show that T1 = T, on 
D( T1) n D( T,) which is dense ideal, so it seems profitable to extend the 
domains of our operators as much as possible. A good method for this is 
provided by an algebra of multiplication operators on Fr(r). 
DEFINITION 3.2. Let h be continuous on I’. Define 
IA = {f ELM 1 hf’~ 9=(r)}. 
LEMMA 3.1. I,, is an ideal of Ll(G). 
Proof. Trivial. 
DEFINITION 3.3. 8 = {h continuous on P 1 In 3_ C}. 
THEOREM 3.2. Let T E X. Then T can be uniquely extended to a maximal 
domain, which is If , and the extension is a closed operator. 
Proof. p E X, since If I D(T) >_ C. Let f E IT . Then there is a unique 
function g E Ll(G) such that r3 = ?f = i. Define Tf = g. It is easy to check 
that the operator so defined is well defined and an extension of T. Suppose T 
could be extended further. Then there wou d be a functkn f not in I?, 
and a function g E L1(G) such that Tf = g. But then Tf = i‘f = 8, so 
f E If, kcontradiction. The extension is unique since any extension must 
satisfy Tf = pf. 
409/4d3-15 
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To show T closed, let {fn} _C D(T) = 1~ such that fn --f, and suppose 
Tfn -fg. Then for any h E C, 
II W* h) - g * h Ill G llf - fn /II II Th 111 + II Tfn - g 111 II hII1 - 0 
as n -+ co, so T(f * h) = g * h, and T{h = @. Using Lemma 2.3, we get 
Tf = b. But then f E If = D(T) and Tf = g by definition, and T is closed. 
From now on we will assume that all operators in X have been extended so 
that D(T) = Ip . 
COROLLARY 1. Tl = T, z# pl = & . 
COROLLARY 2. D(T) = L1(G) a3 T is bounded. 
Proof. Closed graph theorem. 
THEOREM 3.3. X is a commutative algebra with identity, and the map A: 
X --+ 8: T w p is an isomorphism. 
Proof. Let Tl , T, E X. Since the domain of each operator includes C, 
Tl + T, is defined on C and can be uniquely extended to I,,3 , so 
Tl + T, E X. Likewise, by Corollary 2 to Theorem 3.1 T,T, and T,i; are 
in X with domains +-2a and 1r21, respectively. It is routine to check that X 
is an algebra and that the identity opTt?n L1(G) is its identity. We show 
that @s = prp.a . The proof that Tl + T, = fr + rf, is similar and is left 
to the reader. Let f E C. Then Tl T,( f) = Tl( T,( f)), so 
In part%, for each y E I’ considA= g, (as in the proof of Theorem 3.1). 
Then TlT2W = plb4 ~d~h so T,T, = prps , and h is a homomorphism. 
* is injective by Corollary 1 to Theorem 3.2. Given h E k, and f~ I,, , there 
is a unique g E Ll(G) such that Af^ = 2. Define the operator T on IA by Tf = g. 
Then TEXand T=h, so h is surjective, and therefore an isomorphism. 
Finally X is commutative since X is. 
COROLLARY: T E X is invertible iff p never vanishes. Furthermore 
G = l/F 
DEFINITION 3.4. Let X be continuous on r, and f E C. FA,, is the function 
defined on G by 
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THEOREM 3.5. h E 8 if and only ifFn,s E Ll(G) for each f E C. 
Proof. If h E X, say h = p, then by Corollary 3 to Theorem 3.1 we have 
FA,t = T~EU(G) for each f E C. 
If F,,, ELM, then by the inversion formula Fyf = Ai. If F,,, ELM 
for each f E C, then IA 3 C and A E X. 
We close by characterizing the bounded operators in X, i.e., the operators 
T with If = Ll(G). For this we need a theorem of Bochner. 
BOCHNER’S THEOREM. The following are equivalent: 
(1) X = fi where p E M(G) and 11 p // < M. 
(2) X is continuous on r, and 
for every choice of c1 ,..., c,,, complex and y1 ,..., ‘ym E I7 
Proof. See Rudin, [1.9.1]. 
THEOREM 3.6. Let h be continuous on r. The following are equivalent: 
(1) X = fl, where p E M(G) and 11 p /I< M. 
(2) X=T, where TEXandIITII<M. 
(3) FM EWG) for each f E C and IIFAJ II1 < Mllf 111 - 
Proof. 1 3 2. If h = fi, define T: L1(G) + Ll(G): f b f * p. Then 
T~X,/ITII=(l~ll~M,and~=i2=h. 
2 * 3. By Corollary 3 to Theorem 3.1, F,,, = Tf for each f E C, so 
IlF~,,ll, = II Tf 111 G II T/l Ilf 111 G Mllf 111 . 
3 =- 1. Using the inversion formula, 
Wf’b4 = j-,Fn.t(x) (x> r> dx, 
for each f E C. Let ci ,..., c, be complex and yi ,..., ynz E r. Then 
< j-, / : 4x, rd / IFn,r(x)I dxi=l 
G 11 Fl 4x, ri) /Im M II f IL > for each f E C. 
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By Lemma 2.3 we can choosefe C such thatj(yJ = 1 for each i = l,..., m 
and [lflll < 1 + c, for any < > 0. So 
Since E is arbitrary, 
and by Bochner’s theorem, there is a p E M(G) such that 11 p 11 < M and 
p =A. 
COROLLARY (the Multiplier problem). Let X be continuous on r. Then 
Af’eF(IJ for each f ELl(G) z#X = $ for some p E M(G). 
Proof. IA = L’(G) iff X = p for some bounded operator T E X. 
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